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Abstract 

Given F a finite subgroup of SL3C, we determine fiow an arbitrary finite dimensional irreducible representation 
of SL3C decomposes under the action of F. To tlie subgroup F we attacli a generalized Cartan matrix Cr- Then, 
inspired by B. Kostant, we decompose the Coxeter element of the Kac-Moody algebra attached to Cr as a product 
of refiections of a special form, thereby suggesting an algebraic form for the McKay correspondence in dimension 3. 
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1.1 Framework and results 



fT^ , Let r be a finite subgroup of SL3C. In this paper, we determine how the finite dimensional irreducible 

representations of SL3C decompose under the action of the subgroup F. These representations are 
indexed by N^. For (m, n) E N^, let V{m, n) denote the corresponding simple finite dimensional module. 
Let {70, . . . , 7;} be the set of irreducible characters of F. We determine the numbers mi{m, n) — the 
multiplicity of the character 7^ in the representation V{m, n). For that effect we introduce the formal 
power series: 



We show that mi{t, u) is a rational function. We determine the rational functions which are obtained in 
. ^ that way for all the finite subgroups of SLaC 

I The proof uses an inversion of the recursion formula for the numbers mi(m, n). The recursion formula is 

l/^ ■ obtained through the decomposition of the tensor product of V{'m, n) with the natural representation of 

I SL3C. The key observation which leads to this inversion is that a certain pair matrices are simultaneously 

^\ • diagonalizable. The eigenvalues of the matrices are values from the character table of the group F. This 

' leads to the proof that the power series 

a^ ■ 

■ Prit, u)» = XX '^)^"^" 

~5_] . is rational. The actual calculation of this rational function then reduces to matrix multiplication. 

^. 

This method applies indeed to the SL2C case. It gives a complete (very short) proof of the results ob- 
tained by B. Kostant in [Kos85| . |Kos06j . and by Gonzalez- Sprinberg and Verdier in [GSV83| . and leads 
to an explicit determination of all the above multiplicities for the finite subgroups of SL2C. 
Although the results for SL2C are not new, the explicit relation of the rational functions with the 
eigenvalues of the Cartan matrix attached to the finite subgroup of SL2C doesn't seem to appear in the 
literature. In [Kos85) this is established through the analysis of the orbit structure of the Coxeter element. 

The construction of a minimal resolution of singularities of the orbifold C'^/F centralizes a lot of inter- 
est. It is related to the geometric McKay correspondence, cf. (for example) [BKROl|, [GSV83j . In this 
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framework Gonzalez- Spriberg-Verdier |GSV83| use the Poincare series determined above in their explicit 
construction of minimal resolution for singularities for V = C^/F when F is a finite subgroup of SL2C. 
Following that approach the results of our calculation could be eventually used to construct explicit syn- 
thetic minimal resolution of singularities for orbifolds of the form SL3C/F where F is a finite subgroup 
of SL3C. This might clarify the description of the exceptional fiber of the minimal resolution of SL3C/F 
(see [GNS04]). 

An essential ingredient of the approach of B. Kostant in jK os85j is the decomposition of a Coxeter element 
in the Weyl group attached to the Lie algebra corresponding to a subgroup F of SL2C through the McKay 
correspondence as a product of simple reflections belonging to mutually orthogonal sets of roots. 
Inspired by this approach, we attach to each finite subgroup F of SL3C a generalized Cartan matrix 
Cr- We then factorize this matrix as a product of elements in the Weyl group of the Kac-Moody Lie 
algebra corresponding to Cr- These elements are products of simple reflections corresponding to roots in 
mutually orthogonal sets. 



1.2 Organization of the paper 

In Section 2 we treat the SL2C case. We show that the formal power series of the multiplicities is 
a rational function by showing that it is an entry in a vector obtained as product of three matrices, 
two of which are scalar matrices the third one being a matrix with rational entries, by a scalar vector. 
We calculate the matrices for each finite subgroup of SL3C. We give then the rational functions obtained. 

In Section 3 we apply the above method for the finite subgroups of SL3C. Here we use the notations of 
[YY93] in which a classification of the finite subgroups of SL3C is presented. 

Here again we prove the rationality of the formal power series of the multiplicities by showing that each 
such a series is an entry in the product of three matrices, two of them are scalar matrices and the third 
being a matrix with rational entries, with a scalar vector. 

For each finite subgroup of SL3C we give the the matrices involved in the product. To each subgroup 
F we attach a generalized Cartan matrix Cr (McKay correspondence in dimension 3) we show its graph 
and its decomposition as a product of elements in the Weyl group of the Kac-Moody Lie algebra g{Cr)- 

Then, for the series A, B, C ( |YY93| notation) we give all the rational functions explicitly. As for the 
series D we give the results for some specific examples because the description of the matrices engaged, 
in full generality doesn't have a simply presentable form. 

For the exceptional finite subgroups of SL3C the numerators of the rational functions tend to be very 
long and we give them explicitly only for the cases where they are reasonably presentable. In all the cases 
we give the denominators explicitly. This is done in Section 4. 



2 Branching law for the finite subgroups of SL2C 

2.1 The formal power series of the multiplicities is a rational function 

• Let F be a finite subgroup of SL2C and {70, . . . , 7;} the set of equivalence classes of irreducible finite 
dimensional complex representations of F, where 70 is the trivial representation. We denote by Xj the 
character associated to 7^. 

Consider 7 : F SL2C, the natural 2— dimensional representation. Its character is denoted by x- We 
have then the decomposition 7^ (g) 7 = ©'^q '^iili ^^r every j g |0, ZJ. This defines an (Z + 1) x (Z + 1) 
square matrix A := (ajj)(i.j)e|o. ip ■ 

• Let [) be a Cartan subalgebra of s[2C and vj\ be the corresponding fundamental weight, and V(nw\) 
be the simple sl2-module of highest weight nw\. This give rise to an irreducible representation 7r„ : 
SL2C * V[nwx). 
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The restriction of 7r„ to the subgroup F, is a representation of F, and by complete reducibihty, we have a 
decomposition 7r„|r — ©'^o ™i("-)7i7 where the mi(n)'s are non negative integers. Let £ := (eo, . . . , e/) 
be the canonical basis of C'+^, and 



i=Q 



As 7o is the trivial representation, we have vq = cq. Let us consider the vector (with elements of C|t] as 
coefficients) 

oo 

Pr{t) :=5]T;„re(CW/+\ 

and denote by Pr{t)j its j— th coordinate in the basis £. The series Pr(i)o is the Poincare series of the 
invariant ring. Note also that Pr{t) can also be seen as a formal power series with coefficients in C'"*"^. 
We proceed to calculate Prit) ■ 

• We get by Clebsch-Gordan formula that : 7r„ (g) tti = 7r„_|_i © 7r„_i, so we have Avn — Vn+i + Vn-i- 
From this we deduce the relation 

{l-tA + f)Prit) ^vq. 

Let us denote by {Co, . . . , C;} the set of conjugacy classes of F, and for any j e |0, Z], let gj be an 

element of Cj. So the character table of F is the matrix Tr G M;+iC defined by {Tr)ij := Xi{9j)- 

For all the finite subgroups of SL2C we have that, Tr is invertible, and A := TjT^ ATr is diagonal, with 

= xigj)- 

Set Q := (Aqo, • . . , A;;). We deduce from the preceding formula that 

Tr(l -tA + t^)Tf^Pr{t) = vq. 

Let us define the rational function 

/ : C2 ^ C{t) 
d , 



1 - id + t2 ■ 
Then 

Pr{t) = Tr A(t) TjT^o = (Tr A(^) Tr) {T^^v^), 

where A(t) e M;+iC(i) is the diagonal matrix with coefficients in C(t), defined by Ajj(t) = f(Ajj) 
Consequently, the coefficients of the vector Pr{t) are rational fractions in t. 
Hence we get: 

Proposition 1 

For each i G |0, IJ, the formal power series -Pr(Oi '■^ rational function. 



2.2 The results for the finite subgroups of SL2C 



• The complete classification up to conjugation of all finite subgroups of SL2C is given in |Sp77| . It 
consists of two infinite series (types A, D) and three exceptional cases (types Eq, E^, E^)- 



We set Q := e j . For a € 6|o.j_i|, we then define the matrix Q'^ := (^^^'•'"'^ 



(fej)elo,j-il 



2.2.1 Type A — Cyclic groups 

• Here, we take F = Z/jZ. The natural representation and the natural character of F are 



7 



Z/jZ 
k 



SL2 

C 







X 



Z/jZ 

k 



SL, 
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The character table is the Vandermonde matrix Tp = (Cj')(fe i)e|o j-i]" ^® permutation 

a € S|o, defined by a{0) = and V i G [0, j - 1], a{i) = j - i. Then = j Q'^, i.e. Tf^ = i TrQ". 



The eigenvalues of A are the numbers x{k) = Cj + Cj , for /c G [0, j — Ij- Then 



Note that (1 — f^)(l — is a common denominator of all the terms of the preceding sum. 



2.2.2 Type D — Binary dihedral groups 

The binary dihedral group is the subgroup (a„, 6) of SL2C, with 

C2n 





The order of F is 4n. The' n + 3 conjugacy c'lassc^s of F arc 



i 

1 



Class 


id 


a„& 


b 




a„ 




al 




n-l 


Cardinality 


1 


n 


n 


1 


2 


2 


2 




2 



The character table of F is 



/ 1 


1 


1 


1 


1 


1 


i" 


-r 


(-ir 


-1 


1 


-i" 


i" 




-1 


1 


-1 


-1 


1 


1 


2 








-2 


C2n + C2n 


2 








2 


C2n + C2n 


I 2 








(-l)"-^2 


An-1 1 >-{n-l) 
S2n "T S2n 



Cin + C2n 



>2(n-l) ^-2(n-l) 
'^2n "T '52n 



1 
1 



'52n "T ^271 
>2(n-l) >-2(n-l) 
S2n "r S2n 



(n-l)(n-l) _|_^-(n-l){n-l) y 



The natural character x of F is given by {x{9o), • • • , x{9l)) = with 

e = e = [tr{id), tr{anb), tr{b), tr«), tr(a„), tr((x2), tr(a3),..., fr(ar')] 

= [2, 0, 0, —2, C2?i + C2n ' Cin + C2n ' Cin + C2n ' • • • ' CJn + C2n ]• 

Set Diag{di, d2, ds, d^, 5i, 62, - ■ ■ , 6n-i) ■= We deduce the formula for the series Pr{t) that : 
Pr{t)o = 



o _ 1 / \ _ 1 / ^ 

(rfi+rf2 + rf3 + rf4 + 2E'5fe 1 +(-1)"^ ('^l + (-ir('^2+rf3) + rf4 + 2E(-l)'=^fc 



8n2 

n-l 



fe=l 



8n2 

n-l 



fe=l 



4n2 



fe=i 



^rWi 



3n- 1 
8n2 



+ (-1)' 



n-l 



fc=l 



n-l 
8n2 



di + (-l)"(i"(i2 - *"d3 + d4) + 2 E 'Jfc 



fe=l 



n- 1 



n-l 



+ E(-l)' ( + (-l)'(^"'^2 - i"rf3) + (-l)"d4 + E(-l)'(C2n + C2-n"=)^fc 



1=1 



fe=l 
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and then -Pr(i)3 (resp. Pr{t)2) is obtained by replacing in Pr(i)o (resp. Pr(t)i) c^2 by —d2 and by 
Finally, for i e [1, n — Ij, we have 



Prit)i+3 = 



(2d,+2{-iyd, + 2j2iCli + C2J:')h 

+(-ir""' 



■EM)'' 



8n2 

n — 1 



4n2 



2(ii + 2(-l)M4 + 2 E(-l)'(Cf„ + C2t)5k 
fe=i / 

n-l N 
2d, + 2(-l)'d4 + E(C2; + C2„'*)4(C2'^ + C2"n ') 



fe=l 



2.3 Exceptional cases 

2.3.1 Type — Binary tetrahedral group 

The binary tetrahedral group is the subgroup (a^, b, c) of SL2C, with 



a := 



Cs 

Cl 



h :-- 



i 

1 



■ V2 Ul Cs 



The order of F is 24. The 7 conjugacy classes of F are 



Class 


id 


= —id 


b 


c 


C2 


— c 




Cardinality 


1 


1 


6 


4 


4 


4 


4 



The character table Tr of F and the matrix A are 





/ 1 


1 


1 


1 


1 


1 


1 






1 








1 








\ 




1 


1 


1 


.7 




j 


f 


















1 










1 


1 


1 


f 






3 





















1 





Tr = 


2 


-2 





1 


-1 


-1 


1 






1 

















1 




2 


-2 





j 


-f 


-i 











1 














1 




2 


-2 





f 


-J 


-f 


J 












1 











1 




I 3 


3 


-1 














) 




\ 








1 


1 


1 


/ 


the eigenvalues are 


e = 


(2, 


-2, 


0, 1, 


-1, - 


1, 


!)• 

















The series Pr(t)i = are given by £)r(t) = (1 - - t^), and 



A^rWo 
A^r(t)2 



1, 



Nrit)3 = t^^+f + t^ + t, 
2.3.2 Type — Binary octahedral group 



NritU 
Nrith 



+ f + 1'' + t^, 
+ f + t'^ +t^, 

tW + ^8 + + ^4 + 



The binary octahedral group is the subgroup (a, b, c) of SL2C, with a, b, c defined as in the preceding 
section. The order of F is 48. The 8 conjugacy classes of F are 



Class 


id 


= —id 


ab 


b 


c2 


c 


a 




Cardinality 


1 


1 


12 


6 


8 


8 


6 


6 



5 



The character table Tr of F and the matrix A are 





/ 1 


1 


1 


1 


1 


1 


1 


1 






I 








1 











\ 




1 


1 


-1 


1 


1 


1 


-1 


-1 


















1 













2 


2 





2 


-1 


-1 

































1 




2 


-2 








-1 


1 


V2 


-V2 






1 














1 








Tr = 














-V2 


V2 
























2 


-2 








-1 


1 









1 














1 







3 


3 


-1 


-1 








1 


1 















1 











1 




3 


3 


1 


-1 








-1 


-1 


















1 








1 




I 4 


-4 








1 


-1 








J 




I 





1 








1 


1 


/ 


and the eigenvalues are 


e = 


(2, 


-2, 


0, 0, 


-1, 1, V2, 




-V2). 



















The series Pr(t)i = are given by £)r(t) = (1 - - t^^), and 



iVr(t)i = 



t^' + 1, 



Nr{t)A = t 
Nrith = tie +412+^10+^8 ^^6 +^2 

Nrith 



Nr{t)e = ti4 + 412+410+48+^6^^. 



1° + ^8 + 46 + 44, 

^15 + jl3 + ^11 + 24^ + 1^ +t^+ t^. 



2.3.3 Type — Binary icosahedral group 

The binary icosahedral group is the subgroup (a, b, c) of SL2C, with 



a := 



S5 









b:= 





-1 



1 



c := 



The order of F is 120. The 9 conjugacy classes of F are 



C5 + C5" 
1 



-C5 - 



Class 


id 


52 = -id 


a 


a2 


a3 


a* 


abc 


{abcf 


b 


Cardinality 


1 


1 


12 


12 


12 


12 


20 


20 


30 



The character table Tr of F and the matrix A are 



Tr := 



/ 1 


1 


1 


1 


1 


1 


1 


1 


1 


^ 




/ 





1 

















\ 


2 


-2 


2 


2 


i+Vs 
2 


-l+\/5 
2 


1 


-1 
























1 











2 


-2 


1+V5 
2 


-l+%/5 
2 


2 


l+v/5 
2 


1 


-1 









1 








1 

















3 


3 


l+v/5 
2 


2 


2 


l+v/5 

2 








-1 












1 











1 








3 


3 


2 


2 


2 


l-\/5 
2 








-1 




, A = 


























1 


4 


4 


-1 


-1 


-1 


-1 


1 


1 












1 




















1 


4 


-4 


1 


-1 


1 


-1 


-1 


1 


















1 











1 





5 


5 














-1 


-1 


1 
























1 





1 


I 6 


-6 


-1 


1 


-1 


1 











) 




I 











1 


1 





1 


) 



l + \/5 
2 ' 



-l + \/5 



1-75 
2 ' 



-l-\/5 



1, 



and the eigenvalues are Q = 
The series Pr{t)i = are given by Dr{t) = (1 - t^^){l - t^°), and 

Nr{t)o = t^° + l, 

Nr{t)2 = t^^+e^+e^+t, 



-1, 



Nr{t)4 = ^24+^20+^16 + ^14 + ^10+^6^ 
Nr{t)5 = t24+ 422 +^18 +^16 +^14 +^12 +^8 + ^6^ 

Nrit)e = + 421 +Ti9 + 4i7 + ti3+ 411+49 + 43^ 
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Nr{t)s = + f23 + ^21 ^ ^19 ^ ^17 + 2^15 + fl3 + fll + ^9 + ^7 + 

3 Branching law for the finite subgroups of SL3C 

• Let r be a finite subgroup of SL3C and {70, . . . , 7;} the set of equivalence classes of irreducible finite 
dimensional complex representations of F, where 70 is the trivial representation. The character associated 
to 7j is denoted by Xj- 

Consider 7 : F ^ SL3C the natural 3— dimensional representation, and 7* its contragredient representa- 
tion. The character of 7 is denoted by By complete reducibility we get the decompositions 

V j e [0, Ij, 7,- ® 7 = ag)7i and jj ® 7* = a^fli- 

i=0 i=0 

This defines two square matrices := (al]^] and A^^) := (a^f) of M;+iN. 

• Let h be a Cartan subalgcbra of SI3C and lot zui, be the corresponding fundamental weights, and 
V{mwi +nw2) the simple slsC module of highest weight mtui + nn72 with (m, n) € N^. Then we get an 
irreducible representation TTm,n ■ SL3C — > G'L{V{mzui + nw2))- The restriction of 'Km,n to the subgroup 
F is a representation of F, and by complete reducibility, we get the decomposition 



TTm.nlr = 0mi(m,n)7i, 

i=0 

where the m.i{m, n)'s are non negative integers. Let £ := (cq, . . . , ej) be the canonical basis of C'"*"^, and 

I 

Vm,n ■= ^TOi(TO,n)ei € C'+^ 



i=0 



As 7o is the trivial representation, we have t;o,o = gq. Let us consider the vector (with elements of Cft, u] 
as coefficients) 



and denote by Pr{t, u)j its j— th coordinate in the basis £. Note that -Pr(i, u) can also be seen as a 
formal power series with coefficients in C'+^. The aim of this article is to compute Pr(i, u). 



3.1 The formal power series of the multiplicies is a rational function 

Here we establish some properties of the series -Pr(i, u), in order to give an explicit formula for it. The 
ffist proposition follows from the uniqueness of the decomposition of a representation as sum of irreducible 
representations. 

Proposition 2 

• A^ = 

• A(^) and A^ commute, i.e. 

^(1) 

is a normal matrix. 

Since A^^^ is normal, we know that it is diagonalizable with eigenvectors forming an orthogonal basis. 
Now we will diagonalize the matrix A''^^ by using the character table of the group F. Let us denote by 
{Co, . . . , C(} the set of conjugacy classes of F, and for any j e [0, l\, let gj be an element of Cj. So the 
character table of F is the matrix Tr € M;+iC defined by (Tr)j,j := Xiidj)- 
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Proposition 3 

For k G |0, l\, set Wk ■= {xo{gk)^ ■ ■ ■ : Xi{9k)) G C'+"'^. Then Wk is an eigenvector of A^^^ associated to 
the eigenvalue xi9k)- Similarly, Wk is an eigenvector of A^^^ associated to the eigenvalue x{9k)- 

We will see in the sequel that W := {wq, . . . , wi) is always a basis of eigenvectors of A^^^ and A^'^\ so 
that Tf^A^^^Tr and Tf^A^'^^'Tr are diagonal matrices. 
Now, we make use of the Clebsch-Gordan formula 

(1) 

Proposition 4 

The vectors Vm,n satisfy the following recurrence relations 

A^ ^^m,n — '^m+l.n ~t~ ^m,n— 1 ~t~ ^-^ti?,— 1 ,7;,+ ! , 
A ^m,n ~ '^m,n+l ~t~ '^m— l,n ~t~ "^m+ljn— 1- 

Proof: 

The definition of Vm,n reads Vm,n = J2\^ffmi{m,n)ei, thus A(i)t;™,„ = J2[=o (j2^j=o 'mj{m,n)a\f^ Cj. 
Now {T:m,n ® '^ifi)\r = TTm.nlr <S) 7 = J2''j=o {m, n)jj (8) 7 = X^Lo (Z]'=o "^jC'™' 

and TTm+i.rilr + 7r„,„_i|r + 7r„_i_„+i|r = XiLo + l,n) + mi{m,n- 1) + TOi(TO - l,n+ 1))7j- 

' / ^ (1) 



By uniqueness, Xli=o "nijim, n)a!'^^ = mi{m + 1, n) + mi{m, n — 1) + mi{m — 1, n + 1). 



Proposition 5 

T/ie series Pr{t, u) satisfies the following relation 

+ M^^^^^ - u^^ Pr{t, u) = (1 - iu)t;o,o- 

Proof: 

• Set X := Pr(i, w). Set also Vm,-i '■= and := for (m, n) e N, such that, according to the 

Clebsch-Gordan formula, the formulae of the preceding corollary are still true for (m, n) G N. We have 



CXD OO OO OO 



tuA<-'^X = tuY,Yl ^^'^^m.ni""" = E + ^-."-1 + t^m-l,n+l)t"+'«"+^ 

m=0 n=0 m=0 n=0 

OO CO CO CO OO 

Now E E f„+i,„t'"+^u"+^ = '^J2Y1 = ua; - w E uo,™"", 

m— n— m— 1 n— n— 

CO CO CO OO 

J2 E = E E Vm,n-lt"'u^-^ = tU^X, 

m—On—O m—On=l 

■OO CO OO OO OO OO 

and ^ ^^;„_i,„+ii-+^w"+i = ^ ^ t;„_i,„+it— = ^ ^ 

m— n— m— 1 n— m— n— 

CO CO CO OO 



= E E - E ^-.0^" = - E ^".o*™- 

m=0 n=0 m=0 m=0 

CO CO 

Therefore tuA^^^a; = (m + to^ + i^)^; - m ^ wo,„m" - E ^™.o*"- (2) 

n=0 m=0 

CO CO 

We proceed likewise to obtain tuA^'^^x = (t + tu^ + u^)x — t Vm.ot^ — ^o,n^^- (^) 



m=0 n=0 
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By using Equations ^ and we have tuA''^^x - tu^A^^^ = t{l - u^)x + {t^u - X! "™.oi" 



m— 



oo 

i.e. 7/2^(1) -M3^x==(l-iu)^w„,oi'". (4) 

Besides A^'^^Vrafi = Wm+i,o + Wm-i,i: and A(2)t;,„_;^ g = Wm-i^ + t;„i_2,o, hence 

OO 

Set y.= Y^ Wm,ot™- Then 

oo oo oo 

tA^- 'y — Vm+l,Qt + Vm-l,0t — ^ V,n-2,ot 



^ Z^m.ot" + J2 Vmfif" ~t'J2 = y - ^O'O + - ^ 



So (l - tA« + - i3 j ^ ^ (5) 

Combining Eq. HandlH we have (l - tA^i) + t'^A'-^'^ - t^) (l - uA'-^^ + -u^^'i) 

We may inverse the relation obtained in Proposition [5] and obtain an exphcit expressiorH for Pr(t, u) as 
well cLS SiH explicit formula for the vector Vm.n- 

But, for the explicit calculations of Pr(i, m), we will use 
an other fundamental formula (we inverse complex numbers instead of matrices). We need the rational 
function / defined by 

/ : C2 ^ Cit, u) 

(fll, 0,2) 



(1 - tdi + f^d2 - t^){l - ud2 + u'^di - m3) ■ 

The complete classification up to conjugation of all finite subgroups of SL3C is given in |YY93! . It consists 
in four infinite series (types A, B, C, D) and eight exceptional cases (types E, F, G, H, I, J, K, L). 
In all the cases, the character table Tr is invertible, and A^^^ := Tp ^ A^^) Tr and A^^' := Tp ^ A^^) Tr are 

diagonal matrices, with A^J"* — xidj) and A^^' = x(ffi)- According to Proposition [H we may write 

Tr (1 - iA(i) + t2A(2) - (1 - yA(2) + u^Ad) - u"") Tf^Pr{t, u) = {1 - tu)vo,o- 
We deduce that 

Pr(t, u) = Tr A(t, u) Tf^vo,o = [Tr A(i, u) Tr) {Tf^vo,o), (6) 



where A(t, u) £ M;+iC(t, u) is the diagonal matrix defined by A(i, u)jj — f{Ajj, Ajj) — fixigj), xi9j))- 

^11 



Let 9 := (AqJ,'', . . . , A|/^) be the list of eigenvalues of A'^'^\ 



As a corollary of the preceding formula we get: 

3Pr(t, u) = {l- tu) (Er=o («' + - (Er=o (*' + - (2^(2))^) vo,o. 

For 2 G R, let [2] be the smallest integer that is greater or equal to z, and set {r, s} := {1, 2}. For m G N, set 

m /min(3q — m, g) 

Then «m,n = ^0,0 if m = n = 0; al^''t^o,0 if m = 0, n ^ 0; ctm'i'O.O if n = 0, m ^ 0; (a^^-'am' — a$fliam-i)'"0.0 otherwise. 



9 



Proposition 6 

The coefficients of the vector Pr(t, u) are rational fractions in t and u, hence the formal power series of 
the multiplicities is a rational function. 



We will denote them by 



where Nr{t, u)i and Dr{t., u)i are elements of C[t, u] that will be explicitly computed in the sequel. 
Finally, we introduce a generalized Cartan matrix that we will study for every finite subgroup of SL^I 



Definition 7 

For every finite subgroup of SL3C, we define a generalized Cartan matrix by the following formula: 

Cr := 2 / - ^(1) - + 2 Dtag{A'^^^). 

For k e |0, IJ, the matrix of the reflection Sk associated to the k—th root of g{Cr) the Kac Moody algebra 
attached to Cr is defined by 

(skh = - iCr)k,jS'^. 

For each finite subgroup, we will give a decomposition of the set of simple refiections S ~ {sq, . . . , s/} in 
p sets (with p minimal), i.e. 

S = SoU---USp-i, 

such that roots corresponding to reflections in those sets form a partition of the set of simple roots to 
mutually orthogonal sets. We denote by r/ the (commutative) product of the elements of Si. Then we 
deduce the following decomposition of Cr : 

p-i 

Cr =p/-y^rfc. 
fc=o 

Remark 8 

Along this section we will present matrices that have only —2, —1, 0, 1, 2 as entries. For a clearer ex- 
position, we represent the non-zero entries by colored points. The correspondence is the following: dark 
grey = —2, light grey ~ —1, white — 1, black = 2, empty ~ 0. 



3.2 Explicit results for the infinite series — Types A, B, C, D 
3.2.1 The A Series 

In this section, we consider F a finite diagonal abelian subgroup of SL3C. Then F is isomorphic to a 
product of cyclic groups: 

F ~ Z/jiZ X • • • X Z/jfeZ. 

If F is a finite subgroup of SL^C, then F is a small subgroup of GL^C, i.e. no element of F has an 
eigenvalue 1 of multiplicity r — 1. In fact, if 5 G F has an eigenvalue 1 of multiplicity r — 1, then the last 
eigenvalue of g is different from 1 and the determinant of g is also different from 1, which is impossible. 
Then, according to a lemma of |DIIZ05| (p. 13), F has at most r — 1 generators. So, for a subgroup F of 
type A, we may assume that fc < 2, i.e. we have two cases: 
(Ai) F~Z/jZ, 

(A2) F ~ Z/jiZ X Z/jsZ, with ji > j2 > 2. 
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3.2.2 Type Ai 

• Here, we take F — 1,/ jl,. The natural representation and the natural character of F are 



7 



Z/jZ 
k 







c 






-fc 



X 



Z/jZ 
k 



SL3C 



The character table of F is Tr = (C^ )(j.;)£jo j 1]' ^ ®lo,j-i] be the permutation defined by 

o-(O) = and V i e |0, j - 1], (T(i) = j ~ «. Then ^ = j TrQ'". The eigenvalues of A^^) are the numbers 
X{k) = 1 + ('^ + C*", for k e |0, j - 1]. According to Formula^ 



J 



Note that (1 — — — — u^) is a common denominator of all the terms of the preceding sum, 
which is independent of i. 



The matrix A^'^^ g M,- 



IS 



ifj = 2, A^' 



( 1 
1 

V 1 



1 



1 \ 



1 

1 / 



ifi>3. 



Then the set of reflections S may be decomposed in two (resp. three) sets if j is even (resp. odd). 
x> If j is even, we have rg = S0S4 . . . Sj_2, 'Ti — S1S3 • ■ • and Cyii(j) — 2/j-i — (tq + ti). 
t> If j is odd, we have tq = S2S4 ■ ■ • Sj-i, n = S1S3 . . . Sj-2, t-2 = sq, and Cai U) = - {tq + n + T2). 
The graph associated to Cai U) is a cyclic graph with j vertices and j edges. 



3.2.3 Type A2 



• We now consider the case F = Z/jiZ x Z/72Z, with ji > j2 > 2. The natural representation and the 
natural character of F are 



7 : Z/jiZ X Z/jaZ 
(fci, ki) 



SL3C 



<^ 



V 



c^^^c^'^^ 



X : Z/jiZxZ/j2Z 
(fci, 



SL, 



^fel I I A — fci A — fe2 



The irreducible characters of F are the elements of the form xi ® X2, where xi ^^'^ Xi ^re irreducible 
characters of Z/jiZ and Zj j^^-, i-e. the irreducible characters of F are, for (/i, I2) e |0, ji — 1] x |0, 22 — 1], 



X/i,i2 : Z/iiZ ■xZ/jjI' 
(fci, fc2) 



SL3C 



For fc e {1, 2}, let us denote by Tk the character table of the group Z/jkZ. Then the character table 
of F = Z/jiZ X Zj 22^ is the Kronecker produci|f| Ty = T\ ® T2. Let o-fc e ®lo.ife-il be the permutation 

^Recall that the Kronecker product of two matrices A G MmC and B G MnC is the block-matrix A (X) -B G MmnC 
defined by the formula: 

V (i, j) G [1, m], (AiS)B)ij = aijB. 
An important property of the Kronecker product is the relation 

tr(A®S) = tr(A)tr(B). 
The equality Tp = Ti ® T2 is implied by this relation 
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defined by a-fe(O) = and V z G |0, jk — 1], o-/c(*) = jk — i- We have 



The eigenvalues of are the numbers xih, ^2) = C,^ ' + ^ + QC^^ for {h, e |0, ji - Ij 
I0,J2-1]. 

Let us denote by A'^-'^^ := Diag (Aq^'', . . . , A^^-* ) the diagonal block- matrix defined by 



^31 ^32 ^31 ^32 
gonal block-matrix 

(Ai?)^o... = Xiku k2) = C^'^^ + CJ^' + C^^C^: 



According to FormulaHl for (to, ti) e |0, ji — 1] x |0, j2 — 1], we have 



31J2 



k=o 1=0 



• The matrix A^^^ is a block-matrix with jf blocs of size j2, and we have 

A^^^ = 14,4-/4, ifji = J2 = 2, and A^^' = 



\ 



V 



'0" 



h2 Q'' 



if Ji > 2, 



1 \ 



1 0/ 



So, we may write A^^) = » Q''" + Q^^ ® Ij^ + ^Q^^ (g> *QP'. 
Note that DiagiA'^^l) = 0. Then Ca^Ui, h) = I31 (E)W + Q^^(dS+ *Q''i (E) *5. 

• Now, let us decompose the matrix A^-^'' : 

If ji — j2 = 2, then the decomposition of Ca2(2, 2) is C^aC^, 2) = 4/4 — (sq + si + S2 + ss)- 

Now, we assume that ji > 3. For (ii, 12) £ |0, ji — 1] x |0, j2 — 1], let Si^^i^ be the reflection associated 

to the {iij2 + «2)— th root. Then the set S may be decomposed into p sets where p G {4, 6, 9}. 

For ii G |0, ji - 1], define Si^ := {si^^o, • ■ • , Sii J2-1} • 

> If ji is odd, we set 

fo {0, 2, ... , ji - 3}, fi {1, 3, ... , ji - 2}, /q {ji - 1}. 

> If ji is even, we set 

fo {0, 2, ... , ji - 2}, fi := {1, 3, ... , ji - 1}. 

Then, the roots associated to the reflections of distinct Si-^'s for ii belonging to a same Ik are orthogonal. 
Now, we decompose each S'ij , i.e. Si^ = 5ii^oLI- • -U^ii^q-i, such that q G {2, 3} and for every fc G |0, g— 1], 
the roots associated to the reflections belonging to Si-^^k are orthogonal: 
[> If j2 is odd, then Si^ = Si^,o U Si^,i U Si^,2, with 

> If j2 is even, then Si^ — Si-^fl U 5,;^^!, with 

'^^l,0 — {-^21,0; '-'21,2; ■ ■ ■ ; '^*l,j2 — 2}; •^21,1 — {^21,1; '^21,3! ■ ■ ■ 5 '^«l,j2 — l}' 

Finally, for (fc, G {0, 1, 2}2, we set 
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and we denote by p S {4, 6, 9} the number of non-empty sets Sk,i, and by Tk^i the commutative product 
of the reflections of Sk.i- Then, we have 



• If ji > 3, the graph associated to F is a ji— gone, such that every vertex of this ji— gone is a ^2— gone, 
and every vertex of each j2— gone is connected with exactly 2 vertices of both adjacent j2— goncs (for 
ji = j2 ~ 2, see Remark in]). 

Remark 9 

In the cases ji — 2, j2 — 2 and ji — 3, j2 — 2, we obtain full matrices and complete graphs. Moreover 
the complete graphs with 4 and 6 vertices are the unique complete graphs that we can obtain for the type 
A2 (the complete graphs with 2 and 3 vertices are the unique complete graphs that we can obtain for the 
type Ai). 

Example 10 

We consider the case where ji = 6 and j2 =5. Then the decomposition of the Cartan matrix is 

(7^2(6, 5) = 6/30 - (to,o + T04 + To, 2 + Ti,o + + T1.2), 
where the matrix (7^12(6, 5), the Ti_j 's and the graph associated to 6*^12(6, 5) are given by Figure{^ 



T0,0 ■= (so, 0S0,2)(S2,0S2,2)(S4, 054,2) 
T0,1 ■= (so, 1S0,3)(S2,1S2,3)(S4, 154,3) 
To, 2 := (S0,4)(S2,4)(S4,4) 
Tl,0 := (S1,0S1,2)(S3,0S3,2)(S5, 055,2), 
:= (S1,1S1,3)(S3,1S3,3)(S5, 155,3), 
n,2 := (51,4)(S3,4)(55,4)- 



Figure 1: Matrix (7^2(6, 5) and corresponding graph. 

3.3 The B series 

In this section, we study the binary groups of SL3C. 

Wc give a general formula for the types BDa, BTa, BO and BI. In all these cases, the group F contains 
two normal subgroups Fi and r2 such that Fi n F2 = {id}, and iFij • IF2I = |F|, so that F = F2F1 and 
F ~ F2 X Fi. The group Fi is isomorphic to a binary group of SL2C and r2 is isomorphic to Z/mZ. So, 
we can deduce the results for F of the results obtained for the group Fi. 

If we denote by Tk the character table of the group F^, the character table of the direct product F — F2 xFi 
is the Kronecker product Tr = T2®Ti. The matrix T2 is given in Section 2.2.1 (Type A — Cyclic groups), 
and the matrix Ti is given in the section dealing with the corresponding binary group of SL2C. We also 
have Tj7^ = T^^ ® Tf ^ = -^{T2Q'''^) <E) Tf \ where a2 is the permutation matrix defined by 0-2(0) = 0, 
and V « e |0, TO — 1], a2{i) — rn — i. 

Let us denote by h the number of conjugacy classes of Fi. The columns of Tr give a basis of eigenvectors 
and the eigenvalues of A*^^) are the numbers xJj, {i, j) € |0, m — 1] x |0, h — 1] where Xi,j is the value 




13 



of the natural character of F on the {i, j)— th conjugacy class. 

Let us also denote by A'^'^^ the diagonal block-matrix with m x m blocks of size h x h defined by 

A(i) := Diag (a«, . . . , A« , (Af = xlj- 

According to Formula [51 

Pr(i, u) = TrA{t, u)TfWo = (^2 Ti)A(i, u)((r2Q"^) iTiT^^))vo,Q, 
where A(t, u) is the diagonal block-matrix defined by 

A(t, u) = Diag (A(i, . . . , A(t, , 



with A(t, u)^.*^ = /(Xij, X«j 



1 -iu 



(1 - iXi,j + t^Xi.] - - uxi,j + u'^Xi,] - u^) 

The decomposition of the matrix A'^^ and the description of the associated graph are made in the same 
way for the binary tetrahedral, octahedral and icosahedral groups: the results are collected in 13.3.51 



3.3.1 The BDa subseries — Binary dihedral groups 

• For (q, to) e N^, let -029, and (j)2m be the following elements of SL3C 

C: 



1 


























(• 





i 














i 






P2m 



-2 
2 m 











C2m 











C2m 



In this sectioiH, we assume that l<q<n, nAq — 1, and m := n — q ^ 1 mod 2, and we consider 

the subgroup F := {tp2q, t, (j)2m) of SL3C. Note that (j)2m = '^lq4>m ^ , so that F = {■tp2q, t, (j)m)- 
Set Fi := {ip2q, t) and F2 :— (0m) ~ Z/mZ. Then F ~ F2 x Fi. With the notations used for SL2C, ip2q 
(resp. r) represents a, (resp. b), where {uq, b) is the binary dihedral subgroup of SL2C. 

The natural character of F is given by x = (xi)i=o...m-ii with 

Xi = [Xi,0, Xi,l> Xi,2, Xi,3, XiA^ Xi,5, XiS-, ■ ■ ■ , Xi,q+2\ 

= tric^l,), ir(0j„^2,r), tr{^l,T), tr{<t>l,^J4^), H<t>\n^2q), tr{c^\^i,l^), tr{c^\^^l^), . . . , trC^^Vl,"') 

Cm^* + 2Cm, Cm^*' Cm^* ' Cm^* ~ '^Qrn Cm^* + CmiC2q + C2q )i Cm^* + CnCClg + C2q )^ 
Cm^' + CmiCiq + C213 ): ■ ■ ■ i Cm^' + CmCClq + C2q'^ ^) 

We deduce the following formula for the series Pr{t, u): 



^ m— 1 



9-1 

fc=l 

9-1 



(r) 
fc 



(-1)" ^ l^d[^^ + (-i)nd« 4^)) -I- + 2 E(-i)'4^^ j 
E(-i)' (4^^ + (-i)'(rfr^ + 4"^) + 4'-^ + E(cf, + C2-,"^>r 



fc=i 



^The other case — the type BDb — isl<g<n, ?iAg = l, and m := n — q = mod 2. This group is not a direct 
product, the general expression for groupes in this subseries is unclear. 
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m—1 



Pr{t, w)ii(,+3)+i 



r=0 



9-1 



8g2 



(-irdr+2 5:(-i)'^5w 



fe=l 



(r) 



9-1 



fe=i 



9-1 



4g 



2q 



fc=l 



and Pr(0»i(9+3)+3 (resp. Pr(i)ji(g+3)+2) is obtained by replacing in Pr(t)ii(q+3) (resp. Pr(i)ii(g+3)+i) 
^2 by —d2 and rfs by — rfs. Finally, for 12 G [1, q— Ij, we have 



m—l 



Pr{t, u)ii(g+3)+i2+3 = — E C 



9-1 



+(-1)" ^ ( 24'-) + 2(-i)-dr + 2 Y^i-inaf + C2T'=)4' 



9-1 



fc=l 



-i2k\cir) 



8q 



9-1 



^(-1)' ^ ( 2dW + 2(-l)-dr) + ^(C^t + C2-/")4^^(C2l + O 



fc=i 

9-1 



;=i 



4g' 



fe=i 



• We now make the matrix A^^^ explicit: A^'^^ is a block- matrix with mxm blocks of size (g + 3) x (g + S). 
i> If m > 5, then the matrices and Cr := 27 - A^^) - are defined by 



/ 
B 



B J 



Cr 





21 


-B 


~I 






-I 


~B \ 




-B 


21 


-B 


-I 






-I 




-I 


-B 


21 


-B 


-I 










-I 


-B 
















-I 






-B 


-I 




-I 








-B 


21 


-B 


V 


-B 


-I 






-I 


-B 


21 J 



with 



B = 













( 











1 








M 

































1 


( 











1 \ 

























1 














1 
















1 























1 


, if g = 2, and B = 


1 








1 





1 










V 1 



1 



1 



1 


1 
















1 





































1 












\ 


1 


1 











1 


0/ 



if g > 3 



> If m = 3, then the matrices A^^) and Cr := 27 - A^^) - are defined by 

/00B\ / B B \ 
A^'^^ = I B ,Cr= SOB , 

\ B J \ B B J 
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with 















u 


u 


u 


1 
i 


u 


u 

















1 

















1 


/ 1 


n 
U 


u 


u 


1 \ 







n 

u 


1 

_L 


n 

u 


n 
u 



u 





1 

± 


n 
U 


i 


u 


u 


1 




n 


n 




u 


1 

1 


1 

1 


u 


u 


n 
u 








1 





1 


, if q = 2, and B = 


1 








1 


1 


1 










V 1 




1 



1 


1 
1 


1 

1 J 
















1 


1 


































1 












V 


1 


1 











1 


1 / 



[> If m = 1, then the matrices A^'^^ and Cr are A^^) = B and Cr := 21 - ^(i) - *A^^^ + 2 Diag{A'^^^), 
with B defined as in the case m = 3. 



• For ii g |0, TO — 1] and 12 € |0, 9 + 2], let Si^^i^ be the reflection associated to the {ii{q + 3) + 12)— th 
root. Then the set S may be decomposed in p sets where p G {2, 3, 4, 5}: 

— If TO > 3, then: 

If TO EE mod 3, set 5, -.^ {s3k+L^J {k, 12) € [0, f-l]x|0, (7+2]} for ^ e |0, 2]. ThenS = S0US1US2, 
p = 3, and Cr = 3/ — tq — ri — T2. 

> If TO = 1 mod 3, set Si {s3k+u, / (k, 12) e [0, - 1] x |0, q + 2]} for I e |0, 2], and 
5*3 := / 12 e [0, g + 21}. Then 5 = 5o U 5i U 5*2 U 5*3, p = 4, and Cr = 4/ - tq - n - ra - T3. 

> If TO = 2 mod 3, set Si := {safc+u. / (k, 12) e [0, - 1] x |0, q + 2]} for I e [0, 2], and 
^3 {sm-2,». / ^2 e [0, g + 21}, ^4 := {sm-l,^2 / ^2 G [0, g + 21}. Then S = Sq U Si U S2 U S3 U S4, 
p — 5, and C'r — 51 — tq — ti — T2 — T3 — T4. 

— If TO = 1, then: 

i> If g = 2, set Sq := {so,0) So,i, So,2 ^0,3} and 5*1 := {50,4}. Then S = SqUSi, p = 2, and Cr = 21 —tq — ti. 
If g > 3 and q is even, set Sq := {sq.o, so,i, 50,2} and 6*1 := {so,3, ■ • ■ , so,g+i}, 6*2 := {so,4, • ■ • , so^g+2}. 
Then S = SqU SiU S2, p = 3, and Cr = 2/ - tq - n - n. 

> If g > 3 and g is odd, set 5o := {so.o, so,i, 50,2} and 5*1 := {so,3, • ■ • , so,g+2}, ^2 := {so,4, • ■ • , so,g+i}. 
Then 5 = 6*0 U 6*1 U 6*2, p = 3, and Cr = 2/ — tq — ti — ti. 

• If TO = 1, the graph associated to T is the following: 




If TO > 2, the graph associated to F consists in g + 3 to— gones that are linked together. 



3.3.2 The BTa subseries — Binary tetrahedral groups 

Let ■04 J 4>2m be the elements 

/ 1 \ / 1 \ 1 / V2 \ / C2™ \ 

^-4 := C4 I r := z , 77 :- -= C| C| L '/'2m := C2m . 
\Q Q j \0 I J CI Cs / V C2,n / 

In this sectiorj^l, we assume that to = 1 or 5 mod 6, and we consider the subgroup F := (7/14, r, 77, 02m) 
of SL3C. Note that 02m = V'l'^m ^ I so that F := ('04, t, 77, 0m). Set Fi := (-04, r, 7;) and F2 :— 

^The other case — the type BTb — is m = 3 mod 6. This group is not a direct product. 
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{<t>ni) — Ij/mL. Then wc have F ~ r2 x Fi. 

With the notations of the binary tetrahedral subgroup of SL2C, ^4 (resp. r, 77) represents (resp. b, 
c). Fi ~ {a?, b, c) is the binary tetrahedral subgroup of SL2C. Representatives to its 7 conjugacy classes 
are 

{id, a* = —id, b, c, c^, — c, — c^}, 

and its character table is the matrix given in Section 2.3.1 (Type Eq — Binary tetrahedral group). 
The natural character of F is given by 



X.,0 = Xi<l>ln) = 

Xi,i = xi^lni^I) = q'^-K 

X»,2 = X{(f>lnT) = CJ' 

Xi.3 = X{4>]nV) ^ Cm^'+Cm 



XrA = x(0™r) = C -Cm 

Xi,5 = X('/>mV'4'7) = Cm^'-C 
Xi,6 = X{<t>\ni'W) = C + C 



Finally, we obtain the series Pr(^, w): for p ^ |0, m — 1], we get 



m — 1 



PT{t, U)7p = ^ ^ (/fc,0 + + 6 h,2 + 4 /fc,3 + 4 /fe,4 + 4 /fe,5 + 4 /fc,6), 

m — 1 

Pr(i, u)7p+i = E (/'^.o + f^^^ + ^ /'^.2 + (4 /m + 4 h,^) 3 + (4 /m + 4 /^.g) 

fc=0 

m— 1 

^ m — 1 

Pr(i, u)7p+4 = ^ E C'(2/,,o - 2/fe,i + (4/fe,3 - 4/,,5) J + (-4/^,4 + 4/,,6) j"), 

fe=0 

m — 1 

Pr(t, «)7p+6 = ^ E Cm (3/m + 3/,,i - 6/fe,2), 



k=0 



andPr(i, w)7p+2 (resp. Pr(i, 'w)7p+5) is obtained by exchanging j andj^ inPr(t, ■u)7p+i (resp. Pr(i, 'u)7p+4)- 



3.3.3 The BO subseries — Binary octahedral groups 

For m e N such that m A 6 = 1, let Vs, t, 4'2m be the elements 

/ 1 \ / 1 \ / V2 \ / C2™ \ 

:= C8 , T z , := -= ^ Cl \ ^ 4>2m := \ C2™ , 

V cl / V * / CI Cs / V C2m J 

m — 1 

and consider the subgroup F — {ips, t, 77, <j>2m) of SL3C. Note that (f)2m = V'l^^m ^ , so that F := 
{tps, T, T], (j)m)- Set Fi := {ips, t, rf) and F2 := {^m) - ^/mL. 
Then F ~ r2 x Fi. 

With the notations of the binary octahedral subgroup of SL2C, V's (resp. r, rf) represents a (resp. b, c). 
Fi ~ (a, b, c) is the binary octahedral subgroup of SL2C. Reperesentatives of its 8 conjugacy classes are 

{id, = —id, ab, b, <? , c, a, a^}, 

and its character table is the matrix given in Section 2.3.2 (Type — Binary octahedral group). 
The natural character of F is given by 



Xi,o 


X{4'in) 


= C"^* - 

Sm 




Xi,4 


= X{4>lnV'^) 


_ /—2i 


- C 


Xi,i 


= Xi^t^lni^t) 


— /^-2? _ 




Xi.b 


= X{(t>\nV) 


„ /—2i 


+ Cm 


Xi,2 


= X{4>\ni'8T) 






Xifi 


= X(0LV'8) 




+ CmV2 


Xi,3 


= X(<^^r) 


_ A-2i 




Xi,7 


= Xi'Pin'^l) 


_ A-2i 


-CmV2 
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Finally, we obtain the series Pr{t^ u): for p G |0, m — 1], we have 

^ m— 1 

Mt, U)sp = T^Y1 ^''rl:Ukfi + fk,l + 12 fk,2 + 6 fk,3 + 8 /fe,4 + 8 /fc,5 + 6 fkfi + 6 fk,?), 
fc=0 

Pr{t, u)sp+2 = j^y2 (2 fk,o + 2 + 12 /fc,3 - 8 /fc,4 - 8 /fc.s), 

k=0 

^ m—1 

^^(t, u)sp+3 = ^Y1 ^™ (2 •^'^.0 - 2 /fc.i - 8 /fc,4 + 8 /fc,5 + 6 V2fk,e - 6 ^2/^,7), 

fe=0 
^ m— 1 

Pr(t, n)8p+5 = ^''(S /fe.o + 3 fk,i - 12 /fe,2 - 6 fk,3 + 6 /fc,6 + 6 fk,7), 

k=0 

^ m—1 

Pr(t, u)sp+7 = ^ E ^™ (4 /fe.o - 4 /fc.i + 8 /fc,4 - 8 /fe.s), 

fc=0 

and Pr{t, u)sp+i (resp. Pr(i, u)8p+4, Pr{t, u)sp+6) is obtained by replacing fk,2, fk,6, fk,7 by their op- 
posite in Pr{t, u)8p (resp. Pr{t, u)sp+3, Pr{t, w)8p+5)- 

3.3.4 The BI subseries — Binary icosahedral groups 

For TO e N such that to A 30 = 1, let /x, r, r] be the elements 

/ 1 \ / 1 \ / CI - Cs^' \ 

M := -CI , r := 1 , , C5 - C5"' 1 

V -CI / V -1 / - Cs \^ 1 -C5 - C5"' J 

and consider the subgroup T = {fj,, r, r], 02m) of SL3C. 

m — 1 

Note that (j>2m = v'^(l>m ^ , so that T := {fi, r, r], (pm)- Set Fi := {fx, r, ry) and F2 := {<f>m) — Z/toZ. 
Then F ~ r2 x Fi. 

With the notations of the binary icosahedral subgroup of SL2C, fi (resp. r, r?) represents a (resp. 6, c). 
Fi ~ (a, 6, c) is the binary icosahedral subgroup of SL2C. Representatives of its 9 conjugacy classes are 

{id, = —id, a, c? , , a^, abc, {abcf', b}, 

and its character table is given in Section 2.3.3 (Type — Binary icosahedral group). 
The natural character of F is given by 



Xi,o 


= X{4>\n) 

= x(Ct') 




+ 2C;. 


Xi,5 


X('/'mAi'') 




l + \/5 H 
2 'm 


Xi,i 


_ ^-2i 


-2C;, 


Xi,6 


x(0La*t^) 




+ c* 

' Sm 


Xi,2 


= x(C/^) 


_ /■— 2i 


I 1 + ^5 M 
"T 2 'm 


Xi,7 


= x('/'m(M-r?7)2) 


_ /--2i 
S>m 


- C* 

Sm 


Xi,3 




_ A-2i 


1 -l + \/5« 
"r 2 ^m 


Xi,8 


X(<^j„r) 


_ ^-21 




Xi,4 




_ A-2i 


1 l-\/5 
~ 2 ^m 











Finally, we obtain the series Pr{t^ u): for p G |0, m — 1], we have 

^ m—1 

^r(t, w)9p = T— — V C^^/m + A,i + 12/M + 12A,3 + 12/M + 12/fe,5 + 20/fc,6 + 20/fc,r + 30/fe,8), 
^^^"^ fe=o 

^ m—1 

Pr(t, w)9p+i = V C^^2 /fc,o - 2 + (6 - 6 ^5)^,2 + (-6 - 6 VE)fk,3 + (6 + 6 ^5)^,4 

+(-6 + 6 V5)fk,5 + 20 /fe,6 - 20 fk,7). 
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^ m — 1 

Pr{t, m)9j,+3 = — — Cm' (3 + 3 fk,i + (6 + 6 V5)/fc,2 + (6 - 6 y/h)h,z + (6 - 6 ^5)^,4 

+ (6 + 6V5)/fe,5-30/fc,8), 

^ m— 1 

Pr(i, u)9p+5 = Cm (4 /fc,o + 4 /fe,i - 12 /fc,2 - 12 /fc,3 - 12 /fc,4 - 12 /fc,5 + 20 /fe.e + 20 h,j) 

fc=0 

^ m— 1 

Pr(i, ^^)9p+7 = Cm (5 /fc,o + 5 /fe,i - 20 /fe,6 - 20 fk,7 + 30 /^.g) 

^"'^"^ fe=0 

^ m— 1 

Pr(t, w)9p+8 = T:^^C(6/M-6/fc,i-12/fc,2 + 12/M-12/M + 12/fc,5), 

fe=0 

and Pr(ij w)9p_|_4 (resp. PrCi, w)9p+2) is obtained by replacing by its opposite in Pr{t, ?i)9p+3 

(resp. Pr(i, m)9p+i), and Pr{t, 11)9^+6 is obtained by replacing //c,2, /fc,4, fkfi by their oppo- 
site in Pr(i, w)9p+5- 



3.3.5 Decomposition of Cr for the subseries BTa, BO, BI 



• For the subseries BTa (resp. BO, BI), we set n = 7 (resp. n = 8, n 

^(1) explicit: ^(1) is a block-matrix with m x m blocks of size n x n. 
[> If m > 5, then the matrices A'^' and Cr := 27 — A^^'^ — *A^^^ are defined by 



9). We now make the matrix 



/ 



Bn 



/ 



with 



B-r 



( 








1 






















1 























1 





1 

















1 





1 














1 








1 











1 


V 








1 


1 


1 


/ 









27 




— Bn 




-7 






-I 


—Bn 
















—Bn 




27 




—Bn 


-I 








-I 
















-I 




— Bn 




27 


— Bn 


-7 


























-I 




— Bn 
































-I 






-Bn 


-I 
















-7 












— Bn 




27 


— Bn 














I 


— Bn 




-I 






-I 




-Bn 


27 


) 








( ° 














\ 




( ° 





1 


D 








\ 








1 





















































1 




















1 















































1 








1 
































1 












































1 


D 


1 








1 














1 










































, Bg = 




















1 





1 














1 












































1 





D 








1 











1 











1 















































1 





1 

















1 








1 















































D 


1 





1 


V 





1 








1 


1 


) 
































V 








D 1 


1 


1 


) 



> If m = 1, then the matrix A^^) is A^^) := B„ + 1, and Cr is defined by Cr := 27 - A^^) - + 
2 Diag{A^^^), i.e. Cr = 27 - 2B„. 

• The decomposition of Cr is the following: for ii e |0, m— 1] and 12 € |0, n — 1], let Si^^i^ be the reflec- 
tion associated to the (mi +12)— th root. Then the set <S may be decomposed in p sets where p G {2, 4, 5}. 

— If m > 5, then: 

> If m = 1 mod 3, set Si := {s3k+i,i^ / {k, 12) e {0, ^ - Ij x |0, n - 1]} for / e [0, 2], and 
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5*3 := {sm-i.i2 / »2 e |0, n - 1]}. Then S" = 5*0 U S*! U S'2 U S'3, p = 4, and Cr = 4/ - tq - n - T2 - rg. 
If TO = 2 mod 3, set Si := {s3fe+;,i, / (A;, ia) e |0, - 1] x [0, n - 1]} for I G [0, 2], and 
^3 := {Sm-2,i2 / i2 e [0, n - 1]}, ^4 := {sm-i.i^ / ^2 e [0, n - 1]}. Then S = SqU SiU S2U S3U S4, 
p = 5, and Cr = 51 — tq — ti — T2 — ts — T4. 

— If TO = 1, then S = SqU Si, p = 2, and Cr = 27 - tq - n, with 

> If n = 7, S'o := {so,o, so,i, ^0,2, so,6} and Si := {so,3, so,4, so,5}- 

> li n = 8, So := {so,o, so,n ^0,2, so,5, So.e} and 5*1 := {so,3, so,4, So.r}- 

i> If n = 9, 5o := {so,o, so.s, so,4, so,5, so,?} and 5i := {so,i> ^0,2, so,6, so.s}- 

• If TO = 1, the graph associated to F is the following: 



n = 7 


n = 8 


n = 9 






/©-<iH£)-©--©-© 

© 



If TO > 5, the graph associated to F is a graph of type BTa (resp. BO, BI), to = 1, such that every 
vertex is a to— gone. 



3.4 The C series 

Let H ~ Z/jiZ X Z/j2Z be a group of the series A, with eventually ji = 1 or j2 = 1, and consider the 
/O 1 0\ 

matrix T := 1 , that is the matrix of the permutation (1, 2, 3) of 63. In this section, we 

V 1 y 

study F := {H, T), the finite subgroup of SL3C generated by H and T. The subgroup AT' of F which 
consists of all the diagonal matrices of F is a normal subgroup of F. By using the Bezout theorem, 



e 

N = { 9k,,k, := I e I / (fci, fc2) e [0, TO - If 

c'^-'^ 



(7) 



Moreover, we have N r\ {T) = {id} and |A''(r)| = j^H^ = Sto^ = |F|. So, F is the semi-direct product 

F ~ iV X (T) ~ {l/mLf X (T). 

We will obtain all the irreducible characters of F by induction; we distinguish two cases corresponding to 
the two following subsections. 



3.4.1 Series C — to non divisible by 3 

• Set n' := ^^1=1, so that \N\ = 3n' + 1 and |G| = = 3(3n' + 1). The conjugacy classes of F are: 



Class 


id 


T 




g e N\{id}{n' classes) 


Cardinality 


1 






3 



For each element gk^,k2 G N\{id}, the conjugacy class of g is the set {5^1, fe, gk2,-ki-k2, 9-ki-k2,ki}- 
order to obtain a transversal of N\{id}, i.e. a set containing exactly one representant of each conjugacy 
class of N\{id}, we represent the elements of N\{id} by points (fci, of |0, to — if. 
So, we search a transversal for the set of elements of the form (fci, k2), (^2, —kx,—k2 mod to) and 
(— fci, —k2 mod TO, fci), with (fci, ^2) € |0, to — Ip. 

A solution is the following: for a given conjugacy class, its three elements are on the edges of a triangle (see 
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Figure [2]), with exactly one element on each edge of the triangle. Therefore we may take as transversal 
the set of all points that belong to the vertical edges minus the nearest point of the diagonal. More 
precisely, a transversal for N\{id} is the set Ecc defined by 

{(0, fc2) / fee II, m-lll 
u {(fci, fe) / fci e [1, [f Jl, k2 e Ife, m-l-2fcil} 

U {(fci, fca) / fci e [m - Lf J , m ~ 1], fca G |2(m - fci) + 1, fcil}. 




Figure 2: Conjugacy classes and irreducible characters for m = 11. 
We choose the usual lexicographic order on Ecc, so that we can number its elements: Ecc — {ci, C2, . . . , c „2_i }, 

3 

with c, = (cf\cf^)e [0, m-lf. 

• The group F is generated by R := gi,o and T, which verify the relations R™ — (RT)^ — — id. As 
m is not divisible by 3, the irreducible characters of degree 1 are x"'' : R ^ l^T ^ f for I e |0, 2]. We 
have \G : N] — ?> with N abelian, so the possible degrees of the irreducible characters are 1, 2, 3. The 
irreducible characters Xii,i2 induced by the irreducible characters of N are given by 



Class 


M 


[T] 




[gl geN\{id} 


Value 


3 








/■kili+k2l2 1 /■{-kl-k2)ll+kil2 1 *fe2il + (-fel-fe2)'2 



The characters Xh.h with (/i, I2) 7^ (0, 0) are represented by points {li, I2) of |0, m — Ip. The points 
that are associated to the same character are on a triangle or on a "trident ]^ " , with exactly one point 
on each edge (see Figure [5]). So the set of irreducible characters Xii,i2 with (Zi, I2) 7^ (0, 0) is obtained 
by taking the following set Eic of indexes: 

{(0, fc2)/fc2ell, m-1]} 

u {(fci, fcs) / fci e [1, [f J], fc2 e I2fci + 1, m-fci]} 

U {(fci, fca) / fci e |m- [f J, m- 11, fcj G [m-fci, 2fci-m - ll}. 

We choose the usual lexicographic order on Eic, so that we can number its elements: Eic = {di, ^2, • • ■ , rfm^-i }, 

3 
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with di = {d\^\ d\^^) e |0, ro — 1]^, and the character table Tr is 



/111 
1 J f 
1 f J 



3 



V 3 
where the general term of C e M^2_iC is 



1 ••• 1 \ 
1 •• • 1 
1 ••• 1 



C 



+ Crr 



, (i, i) e [1, 



m — 1, 



The values of the natural character x of T are 



Class 


M 


[T] 




[.g], .geiV\{id} 


Value 


3 








C^i _|_ /^^2 _|_ /•-k-i-k2 
Sm ~ Sm ~ Sm 



Therefore the diagonal matrix A(t, u) is Diag{ei, £2, £3, A(f, u)^, with ei := /(3, 3), £2 = £3 
/(O, 0), and the general term of A{t, u) G M ^2_i C is 



•~ f I Cm ^ "I" Cm ^ "I" Cm ^ 5 Cm "I" Cm "I" Cm ^ ^ 



, j e [1, 



m — 1, 



Then, by setting 



we obtain the formula for Pr{t, u): 



, 5(m + 1)(to- 1) + 1 , 2(m+l)(TO-l), , 
Pr{t,u)o = TT-J (SS + £1 + £2 + £3) - -^^ Tr\ ^(£i-£2-£3) 



+ 



9m4 

2(m+ l)(m- 1) ~ 



Pr{t, u)i = 



3m4 

5(m+ l)(m- 1) + 1 
2(m+ l)(m- 1) ~ 



^ £1 + £2 + £3 + X] ^P^P^ 
9=1 I p=i 



(3S + £i+j£2+/£3)- 



2(m+l)(m- 1) 



(£1 - j£2 - J^£3) 



+ 



3m4 



^ £1 + j£2 + i^£3 + X] '^P^P- ^ 
g=l y p=l 



and Pr(t, u)2 is obtained by exchanging j and in Pr(i, and for i e [1, 



^1, 



5(m+ l)(m- 1) + 1 ^.,^ , ^ 6(m+ l)(m- 1) 
Pr{t, U)i+2 = ^^^^4 (3I;j + 3£i) £1 



9m2 



2(m+l)(TO- 1) / 



9=1 
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3.4.2 Series C — m divisible by 3 

• Set n' := so that \N\ = 3n' and |G| = 3m'^ = 3(3n'). Set a := R'^ = Diag{j, j, j). The conjugacy 

classes of F aro: 



Class 


id 


a 


a2 


T 


T-1 


RT 


RT-^ 


R^T 


R^T-^ 


g G N\{id, a, a^}{n' — 1 classes) 


Cardinality 


1 


1 


1 


3 


3 


3 


3 


3 


3 


3 



For each element 5fci,fc2 e A^'Vlirf, o, o^}, the conjugacy class of 5 is the set {gkiM, fffea -fci-fe) fl'-fei-fe2,fei}- 
Its three elements are on the edges of a triangle, with exactly one element of each edge of the triangle. 
So, a transversal of N\{id, a, a^} has the same form as in the case where 3 does not divide m, i.e. a 
transversal for N\{id, a, a^} is the set Ecc defined by 

{(0, fe) /fc2e II, m-lll 
U {(fci, fca) / fci e [1, f - 1], € m - 1 - 2fcil} 
U {(fci, fc2) / fci e Im - f + 1, m ~ 1], fc2 e I2(m - fci) + 1, fci]}. 

• As m is divisible by 3, the irreducible characters of degree 1 of F are, for (fc, I) € [0, 2p, the nine 
elements 

^k,l . ^ jfc 

As for the case where m is divisible by 3, the set of irreducible characters Xii,i2 with (^i, I2) ^ (0, 0) is 
obtained by taking the following set Eic of indexes: 

{(0, fc2) /fc2G [1, m-1]} 
U {(fci, fe) / fci e [1, f - 11, fc2 € pfci + 1, m - fci]} 
U {(fci, fca) / fci € |to - f + 1, m- 11, fca e |m-fc-i, 2fci -m- l]}. 

We choose the usual lexicographic order on Ecc and Eic, so that we can number its elements: 

Ecc = {ci, C2, . . . , c^_A, Eic = {di, d2,..., d^_^ }, 
3 ^ 3 ^ 

with Cj = {c^P , c^) € |0, TO — Ip, and di = {d^ , d^p) e |0, to — Ip, and we deduce the character 
table Tr of F: 





1 


1 


1 


1 


1 


1 


1 


1 


1 




1 


1 


1 


3 


3' 


3 




3 


3' 


1 




1 


1 


1 


f 


3 


3' 


3 


3' 


3 






1 


1 


1 


1 


1 


3 


3 




f 






1 


1 


1 


3 


3' 


3' 


1 


1 


3 


.^(1) ^(2) 




1 


1 


1 


3' 


3 


1 




.7 


1 






1 


1 


1 


1 


1 






3 


3 






1 


1 


1 


3 




1 


3 


f 


1 


j2(cr>-cf') 




1 


1 


1 




i 


3 


1 


1 


f 






3 


•^1 












































c 


I 


3 


3 ^ 


t(2) 

3 ^ 























where CeM^ Cisa block-matrix with general term 

3 ^ 

C.,, :=U ' ^ ' +Crn ^ ' ' +Cni ' ' ' ^ * , j) € [1, — - if , 
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• The values of the natural character x of T are 



Class 


id 


a 


a2 


T 




RT 


RT-^ 


i?2r 


R^T-^ 


g e N\{id, a, a^} 


Value 


3 


3j 






















Sm ^ Sm ^ Sm 



Therefore the diagonal matrix A{t, u) is Diag{A{t, u), A{t, u)), with 



A{t, u) = DiagiPu p2, p3, Pi, ...,p4)= Diag |^/(3, 3), /{Sf, 3j), f{3j, Sf), /(O, 0), . . . , /(O, 0) | , 



6 terms 



6 terms 



and the general term of A(t, u) e C is 



7,- := / ( Cm ' + Cm ' + C^ ' , Cd + C^ + Cm ' ' ) , J € [1, — ^ Ij. 



For {i, r) e {1, 2} x {1, 2, 3}, and (s, e {1, 2} x [1, - l], let us define 



■^q ■— / , -^p 7p I Sm ~r l,m "T Sm I ) 

i := (-1, -1, 2, -1, -1, 2, -1, -1, 2, ... , -1, -1, 2, -1, -1, -1, -1, 2, -1, -1, 2, ... , -1, -1, 2). 



Then, we may give the expression of the series Pr{t, u): 
Pr{t, u)o 



^^^^^iL-Jl±li3E^') +P,+/3,+f3s+ 6/34) + ^^|^(*'"^ + + 2/3i + 2/32 + 2f3s + 12/34) 



3C»Z!i)2 _ 1 3 / (1) (2) 

+^^-^1 ^ J /3i + /32 + /33 + Si^" /34 + 3i 



+ 7pCp,9 

p=l 



Pr{t, u)i 



3(5(f )^-l) + l 



-^^^ ^^-^(3E('^ +f3^+ (32+^3- 3/34) + -^^^ (3>^"' + ^'(''1' + 2/3i + 2/32 + 2/33 - 6/34) 



3m4 



+^^^^ E eJ/3i+/32+/33 + (2,-+/)r'^'-=^^V4 + (2/+^-)/(='''-=^^''/34+ X 



7pCp,5 



Pr(t, m)3 = 



~3m4 
3(f)' -1 



3(5(f)J 1) + 1 (3^(2) + + + ^3) + + $(22) + 2/3i + 2/32 + 2/33) 

— om 



+ "'^^ ' E I + + /33 + (2 + j)/^"' /34 + (2i2 + j)j 



Pr(t, w)5 = 



9=1 



3(5(f)2-l) + l ,21 . "V. 



/34+ 2^ 7pJ " " Cp,, 

p=l 



6(1 



($(12) _^ ^(22) _^ 2/3i + 2/32 + 2/33) 



+ 



3m^ 



3(f)' -1 ^ 



3m4 



9=1 



7pJ 
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Pr{t, u)6 



3(5(f )'-!) + 1 



3m4 



G( — )'^ 

(3S(^)+/3i+/32+/33) + ^^ 



3(2 



9=1 



3m4 



($(13) + $(23) + 2/3l + 2/32 + 203) 



v 



and Pr(i, ")2 (rosp. Pr(t, m)4, ^'r(^, u)s) is obtained by exchanging the coefficients 2j + and 2j'^ + j 
(resp. 2 + j and 2j^+j, and 2j+p) in Pr(i, (rcsp. Pr(i, w)3, -Pr(i, 'u)6); -Pr(i, w)? is obtained 

by replacing by and by Pp(^^ 

FinaUy, for « G |1, 1], wc have 



Prit, u)i+s = 



(6/3i + 2jf )/32 + 2Jf •'/33 + T.Y> + 



3m4 



3m4 



(2), 



-(1) , v(2)\ 



+ 



3(ff 



3 3 



9=1 



p=l 



3.4.3 Decomposition of Cr 

We now make the matrix A^^^ exphcit: the form of the matrix A^^'^ is nearly the same in the case where 
TO is divisible by 3 as in the other case. The main difference between these two cases is due to the fact 
that in the case where m is divisible by 3, there are 9 irreducible characters of degree 1 instead of 3. 
Set Km '■= ^ — 1 if 3 divides to, and Km ■= otherwise. The matrix A^^^ is a block-matrix with 
(2 + 2Km) X (2 + 2Km) blocks: for example, if to = 16, the matrices ^4^^' and Cr are matrices of size 88. 




Figure 3: The matrices A^^^ and Cr for to = 16. 

• If TO = 2, then A'-^^ = ( ^^'^ ) , and Cr = 3/ — tq — n — T2, with tq := S0S2, n := si, T2 := S3. 

• Km = 3, then A^^) = ^ ^^'^ %^ ^ , A = ^ ^ |J ^ , and Cr = 21- (sqSi • • • sg) - (siosii)- 
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❖ Now, we cLSSume that tti ^ 4. For ii G {Oj- U |1, acttj] U ^tti — /^m^ ^ — Ij) we define the set Si^ byi 

_ f {so,i2 / ^2 e [1, TO- 1]} ifii = 0, 

:= < {sn,i2 / «2 e m - 1 - 2ii]} if ii G |1, 

[ {sii,i2 / 12 & I2(m - ii) + 1, iij} if ii € |to - rn - 1]. 
Then, we distinguish two cases: 

i> If Km is odd, wc set Iq := {0, 2, 4, ... , «;„ — 1, m — m — + 2, . . . , m — 3}, 

/i := {1, 3, 5, ... , Km, m - Km + m - Km + 3, . . . , m - 2}, I2 := {m - 1}. 

i> If Km is even, we set Iq ■= {0, 2, 4, ... , m — Km + ^, m — Km + 3, . . . , m — 3}, 

7i := {1, 3, 5, . . . , Km - 1, m - k^, m - «;„ + 2, . . . , m - 2}, 72 := {m - 1}. 

Then, the roots associated to the reflections of distinct S'ij's for ii belonging to a same Ik are orthogonal. 
Now, we decompose each Si^, i.e. Si^ = Si^^fi U ••• U such that q G {1, 2, 3} and for every 

k € |0, g — 1], the roots associated to the reflections belonging to Si^^k are orthogonal: 
i> If ii = 0, then 

o If m — 1 is odd, then So = 80,0 U ^o,! LJ 50,2, with 

So,0 = {S0,1, So,3, ■ ■ ■ , So,m-3}, So,l = {so,2, S0,4, • • • , S0,m-2}, 'S'0,2 = {so,m-l}- 

❖ If m — 1 is even, then Sq = So,o U 5*0,1, with 

•S'o.O — {S0,1, S0,3j • • • , S0,m-2}, ^o,! = {S0,2, S0,4, • ■ • , SO,m-l}- 

> If ii G |1, Km], then wc have 5*^^ = Si^,o U Si^,i U S'ij,2, with: 
o If rn - 3ii is odd, then Si^^ = {sij^^i^, Sii,ji+2, . . . , Si;^,m-2ii-3}, 

^ii^l ~ + ^ii,ii+35 * • • ) ^ii,m— 2ii — 2}? — {5ii,m— 2ii — l}* 

❖ If m - 3ii is even, then Si^^ = {si^^i^, Sii,ii+2, • • • , Sii,m-2ii-4}, 

i> If ii e |m — Km, m — 1], then we have Si^ = Si^fi U Si^^i U Si^^2, with: 

❖ If 3ji - 2m is odd, then Si^^ = {sjj,2(m-ii)+i, Sii,2(m-ii)+3; Sn,ii-2}, 

Sii^l = {•Sij,2(m-ii)+27 5,;^ 2(m-n)+4i • • • i 'S'ij,2 = 

o If 3ii - 2m is even, then Si^^ = {Sii,2(m-ii)+i, Sii,2(m-ii)+3i • • • > Si^^i^-i}, 

= {Sii,2(m-ii)+2> Sij^,2(TO-ii)+45 • • • ) •Sii,ii-2}5 5'jj^,2 = {Sii,ii}- 

Note that some sets Si^^k can be empty for k G {1, 2}. 
Finally, we set Sk,i := Uiig/; ^h.i, 

for (fc, G {0, 1, 2}2\{(2, 2)}, and 52,2 := (U 
with r = 8 if 3 divides m, and r = 2 otherwise. We denote by p G |1, 9] the number of non-empty sets 
Sk,i, and by Tfc,; the commutative product of the reflections of Sk,i- Then, Cr = pi — J2{k,i)e{o, i, 2}= Tk,i- 



Example 11 

For m = 16, we have the following decomposition: 

T0,0 = (S0,lS0,3 • • • So,13)(S2,2S2,4 • • • S2,8)(s4,4)(sil,ll)(si3,7Si3,9Si3,ii) 
T0,1 = (S0,2S0,4 • • • So,14)(s2, 3*2,5 • • • ^2, 11 ) (s4,5 S4,7) (si3,8Sl3, 10Sl3,12 ) 
n,0 = (si,lSl,3 • • • Sl,ll)(s3,3S3,5S3,7)(s5,5)(si2,9Si2,ll)(si4,5Sl4,7 • • • ^14,13) 
Tl,l = (si,2Sl,4 • • ■ S1,12)(S3,4S3,6S3,8)(S12,10)(S14,6S14,8 • • • Sl4,12) 
72,2 = (Sl5,15)(S-l,0S-l,lS-l,2) 



T0,2 = (S0,15)(S2,10)(S4,6)(S13,13) 
'''1,2 = (S1,13)(S3,9)(S12,12)(S14,14) 

72.0 = (Sl5, 3^15,5 • • • ^15,13) 

72.1 = (S15,4S15,6 • • • Sl5,14) 
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3.5 The D series 

A group of type D is generated by a group of type C and a matrix 

/ a 

0:= h 

\ c 

with ahc = — 1. This group is not a direct product. We can't give a general formula for this group and 
we only give a simple example. 



Example 12 

Consider the group 



r := 



1 









1 















-1 


• ■ 


• 












1 















/ 


\ 


1 






This group is isomorphic to the symmetric group 64, so F has 5 conjugacy classes. 
The series Pr{t, u) verifies 

V i G |0, 41, Pr{t, u)i = (1 - to)-^^*' 



D{t)D{u)' 

withD{t) = {t-lf{t'^+t+l){t'^ + l){t+lf, and 

N{t, u)o = t^u^ + t^u^ - t^u^ - t^u^ + t^u^ + 2 + t^u^ + t^u^ + t^u'^ + t^ + t^u + 2 t^v? + At^u^ 
+2 t^u* + tu^ + + t^u'^ + t^u^ + t^u + 2 t'^u'^ + tu^ -t^ -u^ + tu + 1, 

N{t, u)i = t'^u^ + t^u^ + t^u^ + t^u'^ + t^u^ + tSi* + t^u^ + t^u^ + t^u^ + t^u^ + t^u^ + t^u'^ + t'^u^ 

+t'^U + t^U^ + t^U^ + tu'^ + t^U + t^u"^ + tu^ + + t^U + fA? + U^, 

N{t, u)2 = {t^u^ + t^u^ + t^u'^ + t^u"^ + t^u^ + t^u + tu^ + t^u + tu^ + t-^ + tu + u^) (<2 + 1) (u2 _^ 1^ ^ 
N{t, u)z = {f^u^ + t^u^ + t'^u'^ + t^u + tu^ + t'^ +tu + M^) [t'^ + t + 1) (u^ + u + 1) , 

N{t, u)4 = {f^u^ + t^u^ - t^u^ - t^u^ - t^u'^ + t^u + 2 t'^u^ + 2 fl^u^ + tu'^ - t^u -tu^ +t^ + 2 t^u 
+2 tu'^ -t'^ -tu-u'^ +t + u) (t'^ +t + 1) (u^ + u + 1) . 



4 Exceptional subgroups of SL3C — Types E, F, G, H, I, J, K, L 

For every exceptional subgroup of SL3C, we begin by making the matrix A'^^^ explicit. Then we give 
a decomposition of Cr :— 21 — A^^^ — A'-^^ + 2 Diag{A^^'') as a sum of p elements, with p S {3, 4}, so 
that Cr = pi — {tq + ■ ■ ■ + Tp-i), and we give the graph associated to Cr- We also write the list 6 of 
eigenvalues of A^^\ 

Nr(t. u) 

Finally, we compute the sum of the series Pvit, u) = — -. In all the cases, the denominator is of 

Dryt, u) 

the form Z)r(i, u)i = £>r(i)i-Dr(u),. Moreover, we will take the lowest common multiple Dr{t) of the 
Dr{t)i's in order that all the denominators are the same and have the form Dr{t)Dr{u), i.e. 

V i e [0, q, Pr{t, u)i = (1 - tu)- 



Dr{t)Dr{u)' 



Because of the to big size of the numerators, only the denominator and the relations between the numer- 
ators are given in the text: all the numerators may be found on the web. 
We also give the Poincare series of the invariant ring Pr{t) := Pr{t, 0)o = Pr{0, t)o. 
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4.1 Type E 

The group of type E is the group {S, T, V), with 





S := \ Cs I , T := 

CI 

Here 1 + 1 = 14, rank(A(i)) = 12, 9 = (3, -Ca, -C|, 0, 0, -1, Cs, 1, C|> 1. Cs, SCs, C|, 3C|), P = 3, 
and To := S0S1S2S3S12S13, n := S5S7S10S11, T2 := S4SeSsSQ. 



u 






J 








\ 


88= 






u)2 = 

Msit, u)io 



ME{t, U)3 

Me{u, t)i 

Msit, U)g 

= Msit, u)n 



Me{u, t)s 



DE{t) = {t- if {t'+t+ ly {t^ + 1) {t' -t^ + i){t + if {t''-t + ly 

_il8 + tl5 _ ^12 _ ^6 ^ ^3 _ 1 



PE{t) = 



{t - if {t^+t+ if (^2 + 1) (^4 _ ^2 + 1) + 1)2 (^2 _ i + 1)2 



4.2 Type F 

The group of type F is the group {S, T, V, P) , with S, T, V as for the type E, and 



P := 



1 1 CI 

1 Cs Cs 
Cs 1 Cs 



Here 1 + 1 = 16, rank(A(i)) = 15, 6 = (3, -Cs, -Q, 0, -1, Cs, 1, Cs, 1, Cs, 1, C|, C|,C|, SCs, 3C|), 
p= 3, and tq := S0S1S2SSS4S15, n := S5S7S9S11S13, T2 := S6S8SioSi2Si4- 





„ 

u 




^ c 







n 


















c 


c 












■ 












© T^© © 



Mpit, u)i = Mpit, u)2 = Mpit, m)3 
Mpit, u)5 = Mpit, u)7 = Mpit, u)9 

Mpit, U)i2 = Mf{u, t)ii 
Mpit, u)i4 = Mf{u, t)i3 

Mplt, u)q = Mpit, u)s = Mpit, u)io 
= Mf{u, t)s 



Dpit) = {t- if {t' + t+ if {t' + 1) (i* -t' + l){t+ if {t'-t+lf 



+ flS _ f9 + ^s _ 1 



{t - if {f^+t+ if (t2 + 1) (t4 -t2 + l){t+ if {f^-t + if ■ 
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4.3 Type G 

The group of type G is the group {S, T, V, U), with S, T, V as for the type E, and 

/CI 

U:= \ (I 

V ciCs 

Here 1 + 1 = 24, rank(A(i)) = 21, 

e = (3, -Cs, -Cs. 0, 0, -Cl -C9^ C9+C9', 0, -C9', -C9',C9+C9'. -1. Cs, 1, Cs. 3C3, 3C3', 
~2C9— Cj' C9 ~ Cj' ~C9~2Cg, — Cl + Cgj 2C9+C9' Cg+^Cg)! 

P = 3, and Tq := SoSlS2S3S4S5S6SigS20S21, n := S7S8SgSl3Sl4Sl5S22, T2 := Sl0SllSl2Sl6Sl7Sl8S23- 



















C 


c 






u 
c 





















nr 








MG(t, u)io 

MG(t, U)l2 

Mait, u)ie 

MG(t, w)21 

MG(f, m)23 



Mg(u, t)i 

Mg(u, t)4 

= Mg(m, i)9 

= A/gK t)7 

= Mg{u, t)s 

= Mg{u, t)i5 
= Mg{u, t)i4 
= Mg{u, t)20 
= Mg{u, t)22 



DG{t) = {t- ly -t^ + i)^t' + t + ly {t + ly {t^ + 1) (t^ -e + i){f-t + ly {t^ +t^ + ly 

~ {t- if {t^ -t^ + l){t^+t + if {t + if (f2 + 1) {fi -t^ + l)(t^-t+ if (t6 +t'^ + if 

4.4 Type H 

The group of type H, isomorphic to the alternating group 2I5, is the group (5, U, T), with 

1 1 1 












• 


CI 











C5 / 






T := 



^ ^ 2 C5 + CI Cl + Cl 



Here / + 1 = 5, rank(A(i)) = 4, ^(i) is symmetric, 9 = (3, -1, -Cf - Cl, -Cs - C5, 0), 
p = 3, and tq := sqSs, n := S1S2, T2 := 54- 



Ad' = 



/ 1 \ 
1 1 
10 10 1 
10 11 

V 1 1 1 1 / 



Dff (<) = {t- if {f + t + 1) (t^ + t'' + t^ + t + l)it + if 



{t-lf{t^ +t+l)it* +t3+t2 (t+l)2 
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4.5 Type / 

The group of type / is the group {S, T, R), with 



S := 



Ct 

CI 






CI 



T := 




C?-Cl C7-C7' 



Here / + 1 = 6, rank(yl(i)) = 5, 6 = (3, 0, 1, C? t ^7 
p = 4, and tq := S5S0, n := S1S4, T2 := S2, ra := S3. 



C? + C7 > C7 + Cl + C7 > 



Cr-C? C| 
C7 ~ C7 C7 ■ 

-1), 



C7^ 

CI 



Ad) = 



^OlOOOON^ 

110 

1 1 

10 11 
1 1 1 

Voioiii/ 



Di{t) = {t- if {t^ + t+ 1) {f + 1) (t + 1)' 
Mi{t, u)2 = Mi{u, t)i 



Pi{t) 



.12 



+ t9 + - t6 + i4 ^ ^3 _ ^ _ 1 



{t-iy{t^ + t + i) {t^ + t5 + t^ + t^ + t^ + t + i){t^ + i){t + iy 



4.6 Type J 

The group of type J is the group {S, U, T, W), with S, U, T as for the type H, and W := Diag{j, j, j). 
It is the direct product of the group of type H and the center of SL3C. Here Z + 1 = 15, rank(A'^^) = 12, 



e = (3, -1, -CI 



cl' Cs cl' cl) Cs) ^Cs, C15 Cil' C15 C15; ^Cl) Cis Ci^l) 



- Ci5 - Ci5) 0, 0, 0), p = S, and tq := S2S5S7S10S13, n := SiSqSsShSu, T2 := S0S3S4S9S12. 



c 

n 


0^ 


p 









cc 


0^ 
'-^ 






Mj(t, u)2 = Mj{u, t)i 
Mj{t, u)e = Mj{u, t)5 
Mj{t, u)s = Mj{u, t)7 
Mj{t, u)ii — Mj(u, t)iQ 

Mj{t, U)i4 = Mj(u, t)i3 



p _ i i 1 

it^ + t^ + f^+t+ 1) {t»-t'^ + t^-t^ + t^-t + 1) (i + 1)^ {f^-t+ if {t - if {f^+t + if 

4.7 Type K 

The group of type K is the group (5*, T, R, W), with S, T, R as for the type /, and W := Diag{j, j, j). 
It is the direct product of the group of type I and the center of SL3C. Here Z + 1 = 18, rank(^(^)) = 15, 

G = (3, 0, 0, 0, 3C3, 3C|, 1, Ct + CI + Ct": C? + Cf + C7', -1, Cl, Cli + Cfi + C2", Cs, 

C21 + cii + af, cii + C2\' + cii°, a'l + cm + at, -cs, -cd, 
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p = 3, and tq := S1S5S6S11S14S17, n := S0S3S4S9S12S15, T2 := S2S7S8SioSi3Si6- 



u 


j' V 










=^ 





D 


D 






c 






c 




1 






//T p©C^ T\\ 



MK(t, U)7 = 
MK{t, u)s = 
Mxit, u)ii 

MK{t, U)i4 

MK{t, u)n 



Mk{u, t)i 
Mk{u, t)3 
Mk{u, t)e 
Mk{u, t)5 
= Mk{u, t)io 

= Mk{u, t)i3 

= Mk{u, t)w 



PK{t) 



DK{t) = {t- if {t^+t + iy {t^ + 1) {t^ + + t^ + t^+t^+t^+t+i) 
{t^^ -e^ - t^ - t^ - t+1) (t+lf [t^-t+l)^ 

^ _f36_^18_^ 

(t-l)^(t2+t+l)''(f2 + l)(t4-t2 + l)(t6+t5+t4+t3+t2_,_t_,_i)(jl2_tll+t9_j8+t6_t4+t3_t+l)(( + l):i(t2_t_,_i):^ 



4.8 Type L 

The group of type L is the group {S, U, T, V), with S, U, T as for the type H, and 
















5:= 


CI 




, U:= 


(: 


V 











where s := 




-Clt 


= C5 + 


C51 Ai 



T :-- 








-^+;^ , and A2 := Here Z + 1 = 17, 



p = 3, and tq := soSsSeSgSioSiiSM, n := S1S2.s7.s12.s15, T2 
e = (3, -Ca, -Cl, 3Cl, 3C3, -1, Cl, C3, 1, -Ci's 
-Cs-Cl, 0, 0). 



S3S4S8S13S16. 



",15. -',1.'; — 1,15, — 



IB 



S15, SI. 



rank(A(i)) 

t>5. 



15, 



a13 _f1 
S15, S6 



u 

















c 






°c 













© 




ML(t, u)3 = Ml(u, t)2 
Mi(i, u)5 = MLit, U)6 

ML{t, u)8 = Ml{u, t)r 

MlH, u)i3=Ml{u, t)i2 

ML{t, u)ie = Ml{u, i)i5 



DL{t) = it- if {t^ + t + if {e + 1) (t* -t^ + i){t'i + t^ + t^ + t + 1) 
{t^-f + t^-t* + t^-t + 1) (t + 1)' {e-t + if 

J , , _(30_|_jl5_-^ 

^y'' ^ (t-l)^(t2+t+l)^(t2+l)(t4-t2 + l)(t4+t3_,_t2+t+l)((8_t7_,_t5_t4+t3_t+l)(t+l):.i(t2_t+l):i 
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